
A PARTITION FORMULA FROM IDEMPOTENTS

CHARLOTTE ATEN

Abstract. A formula which only involves a partition number and elementary
functions is derived by applying Burnside’s Lemma to the set of idempotent
maps from a set to itself. One side involves a summation over a set closely
related to the partition number, however. Some speculation is made as to how
to eliminate this summation.

1. Introduction

This paper was largely written at the beginning of the author’s time in graduate
school. It was the result of a brief investigation of representations of monoids. While
attention is increasingly paid to the theory of linear representations of monoids as
in the somewhat recent textbook of Steinberg[1], we consider here set-theoretic rep-
resentations of a particular finite monoid, which are, according to one’s viewpoint,
either sets equipped with an action of the monoid in question or homomorphic im-
ages of the given monoid which can be found in the monoid of maps from a given
set to itself. This latter viewpoint is exactly the monoid theoretic analogue of a
permutation representation of a group.

The set theoretic representations of the free idempotent monoid on one generator
(that is, the monoid of order 2 whose only nonidentity element is idempotent) carry
a natural action of a particular group. We use Burnside’s Lemma to obtain from
this a count of the number of partitions of a number n. This in turn leads to the
formula

p(n) =
1

n!

∑
g∈Vn

(
n∏

k=1

(k − 1)!g(k)(g(k))!

(
n−

∑k−1
s=1 sg(s)

g(k)

)
g(k)∏
v=1

(
n−

∑k−1
s=1 sg(s)− g(k)− (v − 1)(k − 1)

k − 1

)(1)

where Vn is {
g : {1, . . . , n} → {0, . . . , n}

∣∣∣∣∣
n∑

k=1

kg(k) = n

}
.

In section 2 we give some background on the relevant monoid representations
for the derivation of equation 1. We continue in section 3 by showing that we can
reduce the study of such representations to the study of idempotent maps subject
to a natural conjugation action. The orbits and isotropy groups of this action
are characterized in section 4. In section 5 we use Burnside’s Lemma to derive
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2 C. ATEN

equation 1 and make some suggestions as to how to eliminate summation over the
set V .

Throughout this paper we write p(n) for the number of partitions of the number
n. We use the model-theoretic notation where A is a set and A is a structure with
universe A. A distinction is made between equality by definition (written A := B)
and the assertion of an equality (written A = B). We write P(X) to indicate the
powerset of a set X, Im(f) to denote the image of a map f , and Stab(x) to denote
the stabilizer subgroup for an element x of a set equipped with a group action. We
define [n] := {1, 2, . . . , n}.

2. Monoid representation preliminaries

Let M(S) denote the free monoid on the set S, let T(X) denote the full trans-
formation monoid on the set X, and let Σ(X) denote the units of T(X). That
is, Σ(X) is the symmetric group on X. Given a monoid A a representation of A
on X is a monoid homomorphism ρ : A → T(X). We axiomatize monoids so that
the identity element is a constant which must be preserved by homomorphisms. In
particular, a representation of a monoid A on X must take the identity e of A to
the identity map idX on X. That is to say ρ(e) = idX for all representations ρ.
Given σ ∈ Σ(X) and a representation ρ we have a conjugate representation ρσ of ρ
given by ρσ(a) := σρ(a)σ−1 for a ∈ A.

We study the representation theory of the free idempotent monoid on one genera-
tor. Let B := M({x})/⟨(x, x2)⟩ and let e and b denote the equivalence classes of the
identity and x under ⟨(x, x2)⟩, respectively. Given a representation ρ : B → T(X)
of B we define fρ := ρ(b). Note that f2ρ = fρ so fρ is an idempotent in T(X).
The representation ρ is in fact completely determined by fρ since ρ(e) = idX for
all representations ρ. In order to study representations of B on a set X we must
understand idempotents in T(X).

Proposition 1. Let f ∈ T (X). We have that f is idempotent if and only if
f = idIm(f) ∪g for some g : X \ Im(f) → Im(f).

Proof. Suppose that f ∈ T (X) is idempotent and let y ∈ Im(f). We find that
f(x) = y for some x ∈ X. This implies that f(y) = f2(x) = f(x) = y so f acts
as the identity on Im(f). Define g := f |X\Im(f). Since every member of X belongs
to either Im(f) or X \ Im(f), but not both, we have that f = idIm(f) ∪g where
g : X \ Im(f) → Im(f).

Conversely suppose that f = idIm(f) ∪g where g : X \ Im(f) → Im(f). Either
x ∈ Im(f), in which case f2(x) = f(id(x)) = f(x), or x ∈ X \ Im(f), in which case
f(x) = g(x) ∈ Im(f) and hence f2(x) = f(f(x)) = id(f(x)) = f(x). We find that
f is idempotent, so we have exactly characterized the idempotents in T(X). □

Let RA(X) denote the set of representations of a monoid A on X.

Proposition 2. We have that Σ(X) acts on RA(X) by conjugation.

Proof. Let Σ(RA(X)) denote the group of permutations of RA(X). Define
α : Σ(X) → Σ(RA(X))

by (α(σ))(ρ) := ρσ. We claim that α is a group action.
We show that α(σ) is indeed a permutation of RA(X). Let ρ : A → T(X)

be a representation. We show that ρσ is a monoid homomorphism and hence a
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representation of A. Let a, b ∈ A and use that ρ is a monoid homomorphism to see
that

ρσ(e) = σρ(e)σ−1 = σ idX σ−1 = idX

and
ρσ(ab) = σρ(ab)σ−1 = σρ(a)ρ(b)σ−1 = (σρ(a)σ−1)(σρ(b)σ−1) = ρσ(a)ρσ(b).

Thus, α(σ) ∈ T (RA(X)). Suppose that (α(σ))(ρ1) = (α(σ))(ρ2). This implies that
σρ1(a)σ

−1 = σρ2(a)σ
−1 for all a ∈ A. Canceling we find that ρ1 = ρ2 so α(σ) is

injective. Given a representation ρ ∈ RA(X) we have that ρσ−1 ∈ RA(X) by the
same reasoning used above for ρσ. We find that

(α(σ))(ρσ
−1

) = σρσ
−1

σ−1 = σσ−1ρσσ−1 = ρ

so α(σ) is surjective. As we have that α is a function from Σ(X) to Σ(RA(X)) it
remains to show that α is a group homomorphism.

Note that
((α(id))(ρ))(a) = ρid(a) = id ρ(a) id−1 = ρ(a) = (idRA(X)(ρ))(a)

for any a ∈ A and any ρ ∈ RA(X) so α(id) = idRA(X). Given σ ∈ Σ(X) we have
that

((α(σ−1))(ρ))(a) = ρσ
−1

(a) = σ−1ρ(a)σ = (((α(σ))−1)(ρ))(a)

so α(σ−1) = (α(σ))−1. Let σ, τ ∈ Σ(X). Observe that
ρτσ(a) = τσρ(a)σ−1τ−1 = τρσ(a)τ−1 = (ρσ)τ (a)

so α(τσ) = α(τ)α(σ). Thus, α : Σ(X) → Σ(RA(X)) is a group homomorphism
and hence Σ(X) acts on RA(X) by conjugation. □

3. Idempotents

Let I(X) denote the set of idempotents in T (X). We have an analogous action
of Σ(X) on I(X). Given σ ∈ Σ(X) and an idempotent f we have a conjugate
idempotent fσ of f given by fσ(x) := σfσ−1(x) for x ∈ X.

Proposition 3. The group Σ(X) acts on I(X) by conjugation.

Proof. Let Σ(I(X)) denote the group of permutations of I(X). Define
β : Σ(X) → Σ(I(X))

by (β(σ))(f) := fσ. We claim that β is a group action.
We show that β(σ) is indeed a permutation of I(X). Let f : X → X be an

idempotent. We show that fσ is also an idempotent. Observe that
(fσ)2 = (σfσ−1)(σfσ−1) = σf2σ−1 = σfσ−1 = fσ

so fσ ∈ I(X) and hence β(σ) ∈ T (I(X)). Suppose that (β(σ))(f) = (β(σ))(g).
This implies that σfσ−1 = σgσ−1. Canceling we find that f = g so β(σ) is injective.
Given an idempotent f ∈ I(X) we have that fσ−1 ∈ I(X) by the same reasoning
used above for fσ. We find that

(β(σ))(fσ
−1

) = σfσ
−1

σ−1 = σσ−1fσσ−1 = f

so β(σ) is surjective. As we have that β is a function from Σ(X) to Σ(I(X)) it
remains to show that β is a group homomorphism.
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Note that
((β(id))(f) = f id = id f id−1 = f = idI(X)(f)

so β(id) = idI(X). Given σ ∈ Σ(X) we have that

(β(σ−1))(f) = fσ
−1

= σ−1fσ = ((β(σ))−1)(f)

so β(σ−1) = (β(σ))−1. Let σ, τ ∈ Σ(X). Observe that
fτσ = τσfσ−1τ−1 = τfσ(a)τ−1 = (fσ)τ

so β(τσ) = β(τ)β(σ). Thus, β : Σ(X) → Σ(I(X)) is a group homomorphism and
hence Σ(X) acts on I(X) by conjugation. □

We now exploit the extreme similarity of the conjugation actions of Σ(X) on
RA(X) and I(X) in order to examine representations of B, the free idempotent
monoid on one generator. As we noted previously a representation ρ of B on a set
X is determined by an idempotent fρ := ρ(b) in T(X). Define γ : RB(X) → I(X)
by β(ρ) := fρ so that γ is the aforementioned map taking a representation to the
idempotent which determines it.

Let GRB(X) := (RB(X),Σ(X)) and GI(X) := (I(X),Σ(X)) denote the Σ(X)-
sets given by the conjugation actions on representations of B on X and idempotents
in I(X).

Proposition 4. We have that γ : GRB(X) → GI(X) is an isomorphism.

Proof. We show that γ is bijective. Suppose that γ(ρ1) = γ(ρ2). This implies
that ρ1(b) = ρ2(b). Since ρ1(e) = ρ2(e) for any representations ρ1 and ρ2 we find
that ρ1 = ρ2. Thus, γ is injective. Given f ∈ I we define ρ : B → T(X) by
ρ(e) := idX and ρ(b) := f . Since f is idempotent it is immediate that ρ is a monoid
homomorphism and hence ρ ∈ R. It follows that γ(ρ) = f so γ is surjective. We
conclude that γ is a bijection.

It remains to show that γ is a Σ(X)-set morphism. Let σ ∈ Σ(X) and observe
that

γ((α(σ))(ρ)) = γ(ρσ) = γ(σρσ−1) = σρ(b)σ−1 = (ρ(b))σ = (β(σ))(γ(ρ)),

as desired. □

4. Orbits and isotropy groups

Since the Σ(X)-sets GRB(X) and GI(X) are isomorphic we can study the more
concrete action of individual idempotents under conjugation rather than directly
handling the action of representations of B under conjugation.

We characterize the orbits of I(X) under conjugation.

Proposition 5. Given f, g ∈ I(X) we have that g = fσ for some σ ∈ Σ(X) if and
only if there exists a bijection h : Im(f) → Im(g) such that

∣∣f−1(x)
∣∣ = ∣∣g−1(h(x))

∣∣
for all x ∈ Im(f). This latter condition says that both f and g induce the same
partition on X up to relabeling.

Proof. Suppose that g = fσ for some σ ∈ Σ(X) and take h := σ|Im(f). Since h
is the restriction of a bijection we have that h is a bijection from Im(f) to Im(h).
Since g = fσ we have that g = σfσ−1 so gσ = σf and hence

σ(Im(f)) = σ(f(X)) = g(σ(X)) = g(X) = Im(g).
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It follows that
h(Im(f)) = σ(Im(f)) = Im(g)

so h is a bijection from Im(f) to Im(g). Fix x ∈ Im(f) and let
ϕx : f

−1(x) → g−1(h(x))

be given by ϕx := σ|f−1(x). This map is well-defined, as if s ∈ f−1(x) then f(s) = x
and hence

g(ϕx(s)) = g(σ(s)) = σfσ−1(σ(s)) = σf(s) = σ(x) = h(x)

so ϕx(s) ∈ g−1(h(x)). An identical argument shows that ϕx has an inverse map
ϕ−1
x := σ−1|g−1(h(x)). Thus, ϕx : f−1(x) → g−1(h(x)) is a bijection. This establishes

that
∣∣f−1(x)

∣∣ =
∣∣g−1(h(x))

∣∣ for each x ∈ Im(f) so there is indeed a bijection
h : Im(f) → Im(g) such that

∣∣f−1(x)
∣∣ = ∣∣g−1(h(x))

∣∣ for all x ∈ Im(f).
Conversely, suppose that f, g ∈ T (X) are idempotents such that there exists a

bijection h : Im(f) → Im(g) with
∣∣f−1(x)

∣∣ = ∣∣g−1(h(x))
∣∣ for all x ∈ Im(f). Since

f and g are idempotents we always have that x ∈ f−1(x) and h(x) ∈ g−1(h(x)) for
any x ∈ Im(f). For each x ∈ Im(f) we can then choose a bijection

ϕx : f
−1(x) → g−1(h(x))

such that ϕx(x) = h(x). Define σ :=
⋃

x∈Im(f) ϕx. Since the ϕx are bijections
whose domains and codomains do not intersect we have that σ ∈ Σ(X). We claim
that g = fσ. To see this, take x ∈ X. Since g(x) = s for some s ∈ Im(g) we
have that x ∈ g−1(h(t)) where h(t) = s for a unique t ∈ Im(f). It follows that
σ−1(x) = ϕ−1

t (x) ∈ f−1(t) so
fσ(x) = σfσ−1(x) = σt = ϕt(t) = h(t) = s = g(x).

This shows that g = fσ, as desired. □
We can produce an f ∈ I(X) with |Im(f)| having any cardinality k ∈ [|X|].

Such an f induces a partition of X into k parts. Our previous result then implies
that the orbits of idempotents f ∈ I(X) with |Im(f)| = k under Σ(X) are in
bijection with partitions of |X| into k parts. It follows that the number of orbits of
all idempotents on X is the number of partitions of |X|.

Now that we have characterized the orbits of the idempotents in T(X) under
the conjugation action of Σ(X) we proceed to describe the isotropy subgroups for
idempotents under this action.

Definition 1 (The group GU ). Let f ∈ I(X). Define η : Im(f) → P(X) by
η(x) :=

{
y ∈ Im(f)

∣∣ ∣∣f−1(x)
∣∣ = ∣∣f−1(y)

∣∣ } .
Given U ∈ Im(η) choose a representative xU ∈ U . Let HU := Σ(U). Define
AU := Σ(f−1(xU ) \ {xU}) and define KU := AU

U . Let α : HU → KU be given by
α(h)((au)u∈U ) := (ah(u))u∈U .

Let GU denote the group with universeKU×HU whose identity element is ((eU )u∈U , idU )
where eU is the identity in AU , whose inverse operation is given by

((au)u∈U , φ)
−1 :=

((
a−1

φ−1
1 (u)

)
u∈U

, φ−1
1

)
,

and whose multiplication is given by
((au)u∈U , φ1)((bu)u∈U , φ2) := (α(φ2)((au)u∈U )(bu)u∈U , φ1φ2).
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We show that GU is indeed a group. First note that α is a group homomorphism
as

α(idU )((au)u∈U ) = (aidU (u))u∈U = (au)u∈U

so α(idU ) is the identity in KU , given h ∈ HU we have that
α(h−1)((au)u∈U ) = (ah−1(u))u∈U = (α(h))−1((au)u∈U ),

and given h1, h2 ∈ HU we have that
(α(h1)◦α(h2))((au)u∈U ) = α(h1)((ah2(u))u∈U ) = (ah1h2(u))u∈U = α(h1h2)((au)u∈U ).

It is immediate that ((eU )u∈U , idU ) is an identity element and that inverses are
appropriately defined. It remains to show that the given multiplication is associa-
tive. Observe that
(((au)u∈U , φ1)((bu)u∈U , φ2))((cu)u∈U , φ3) = (α(φ2)((au)u∈U )(bu)u∈U , φ1φ2)((cu)u∈U , φ3)

= (α(φ3)((aφ2(u)bu)u∈U )(cu)u∈U , φ1φ2φ3)

= ((aφ2φ3(u)bφ3(u)cu)u∈U , φ1φ2φ3)

= ((au)u∈U , φ1)((bφ3(u)cu)u∈U , φ2φ3)

= ((au)u∈U , φ1)(((bu)u∈U , φ2)((cu)u∈U , φ3))

so GU is a group. Note that different choices of a representative xU yield isomorphic
groups so the notation GU is only suppressing an isomorphism.

Proposition 6. The stabilizer of f satisfies

Stab(f) ∼=
∏

U∈Im(η)

GU .

Proof. Consider a particular U ∈ Im(η). For each u ∈ U fix a bijection
ru : f

−1(xU ) \ {xU} → f−1(u) \ {u} .

Given σ ∈ Stab(f) define ψσ,u := r−1
σ(u) ◦ σ ◦ ru and define φσ := σ|U . Let

γ : Stab(f) → GU be given by
γ(σ) := ((ψσ,u)u∈U , φσ).

We claim that γ is a homomorphism.
Since

γ(idX) = ((ψidX ,u)u∈U , idU ) = ((eU )u∈U , idU )

we have that γ(idX) is the identity of GU . We have that
γ(σ−1) = ((ψσ−1,u)u∈U , φσ−1) = ((r−1

σ−1(u) ◦ σ
−1 ◦ ru)u∈U , φ

−1
σ )

= (((r−1
u ◦ σ ◦ rσ−1(u))

−1)u∈U , φ
−1
σ )

=

((
ψ−1
σ,σ−1(u)

)
u∈U

, φ−1
σ

)
=

((
ψ−1

σ,φ−1
σ (u)

)
u∈U

, φ−1
σ

)
= ((ψσ,u)u∈U , φσ)

−1

= γ(σ)−1

so γ respects taking inverses.



A PARTITION FORMULA FROM IDEMPOTENTS 7

Observe that
γ(τ)γ(σ) = ((ψτ,u)u∈U , φτ )((ψσ,u)u∈U , φσ)

= (φσ((ψτ,u)u∈U )(ψσ,u)u∈U , φτφσ)

= ((ψτ,σ(u)ψσ,u)u∈U , φτσ)

= ((r−1
τσ(u) ◦ τ ◦ rσ(u) ◦ r

−1
σ(u) ◦ σ ◦ ru)u∈U , φτσ)

= ((r−1
τσ(u) ◦ τσ ◦ ru)u∈U , φτσ)

= ((ψτσ,u)u∈U , φτσ)

= γ(τσ)

so γ is a group homomorphism.
We have that γ is surjective. Since each member of Stab(f) can be written as

a product of permutations carried by the U ∈ Im(η) it follows that Stab(f) ∼=∏
U∈Im(η) GU . □

5. Burnside’s Lemma

As an application we can now use Burnside’s Lemma to count the number of
partitions p(n) of a natural number n. By our previous work we have that for each
finite set X we have

p(|X|) = 1

|X|!
∑

f∈I(X)

|Stab(f)| .

Suppose that X = [n]. We have that

p(n) =
1

n!

∑
f∈I([n])

|Stab(f)| .

Given f ∈ I([n]) define ϖ(f) : [n] → {0, . . . , n} by
ϖ(f)(k) :=

∣∣{x ∈ n
∣∣ ∣∣f−1(x)

∣∣ = k
}∣∣ .

Our characterization of Stab(f) shows that

|Stab(f)| =
n∏

k=1

(k − 1)!ϖ(f)(k)(ϖ(f)(k))!.

It remains to count how many f ∈ I([n]) determine each map g : [n] → {0, . . . , n},
for if ϖ(f) = g then

|Stab(f)| =
n∏

k=1

(k − 1)!g(k)(g(k))!.

When g = ϖ(f) for some f ∈ I([n]) we have that
|{ f ∈ I(n) | ϖ(f) = g }| =
n∏

k=1

(
n−

∑k−1
s=1 sg(s)

g(k)

) g(k)∏
v=1

(
n−

∑k−1
s=1 sg(s)− g(k)− (v − 1)(k − 1)

k − 1

)
.

Let Vn := ϖ(I([n])). Note that

Vn =

{
g : [n] → {0, . . . , n}

∣∣∣∣∣
n∑

k=1

kg(k) = n

}
.



8 C. ATEN

We find that equation 1 follows immediately.
Unfortunately, the summation over Vn is forcing us to sum over all possible n-

tuples of integers between 0 and n which could be the numbers of parts of each
given size for some partition of n, so we would need to perform a task very similar
to finding all partitions of n in order to compute p(n) directly by this formula. It
may, however, be possible leverage this formula to obtain a different formula for
p(n) which does not have this inadequacy.

For example, we could rewrite equation 1 as

n!p(n) =
∑
g∈Vn

(
n∏

k=1

(k − 1)!g(k)(g(k))!

(
n−

∑k−1
s=1 sg(s)

g(k)

)
g(k)∏
v=1

(
n−

∑k−1
s=1 sg(s)− g(k)− (v − 1)(k − 1)

k − 1

) .

Summing both sides from n = 1 to n = m for some natural number m yields
m∑

n=1

n!p(n) =

m∑
n=1

∑
g∈Vn

(
n∏

k=1

(k − 1)!g(k)(g(k))!

(
n−

∑k−1
s=1 sg(s)

g(k)

)
g(k)∏
v=1

(
n−

∑k−1
s=1 sg(s)− g(k)− (v − 1)(k − 1)

k − 1

)
=

∑
g∈

∪m
n=1 Vn

(
n∏

k=1

(k − 1)!g(k)(g(k))!

(
n−

∑k−1
s=1 sg(s)

g(k)

)
g(k)∏
v=1

(
n−

∑k−1
s=1 sg(s)− g(k)− (v − 1)(k − 1)

k − 1

) .

The right-hand side of this last formula looks more promising, but when we sum over
choices of g from any of the Vn we don’t quite obtain a summation over {0, . . . ,m}m
since some such tuples correspond to partitions of numbers greater than m.

Another idea would be to attempt to reformulate the more desirable quantity

∑
g : [m]→{0,...,m}

n(g)∏
k=1

(k − 1)!g(k)(g(k))!

(
n(g)−

∑k−1
s=1 sg(s)

g(k)

)
g(k)∏
v=1

(
n(g)−

∑k−1
s=1 sg(s)− g(k)− (v − 1)(k − 1)

k − 1

)
where n(g) :=

∑m
ℓ=1 ℓg(ℓ) in terms of equation 1. In any case, an elementary

formula for the partition numbers remains elusive.
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